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In this Letter, we explore another novel Ehrenfest scheme which can also be utilized in the P–V
criticality research of RN-AdS black holes. The novel form of Ehrenfest scheme is neither the one in
classical thermodynamics nor the analogy one proposed for grand-canonical ensemble in literatures. After
a detailed derivation of the novel Ehrenfest equations, an analytical check is carried out at the critical
point of P–V criticality of RN-AdS black holes. It is shown once again that the phase transition at the
critical point is a second order one. Both the novel Ehrenfest scheme developed in this Letter and the
classical Ehrenfest equations utilized in our former research can be applied to investigate the nature of
phase transition at the critical point of P–V criticality of AdS black holes.
© 2014 The Authors. Published by Elsevier B.V. Open access under CC BY license. Funded by SCOAP3.1. Introduction
Recently, investigations of P–V criticality in the extended phase
space, initiated by Kubiznˇák et al. [1], have led a revolution [2–11]
in the black hole phase transition research. By treating the cos-
mological constant as thermodynamic pressure and its conjugate
quantity as thermodynamic volume, Kubiznˇák et al. [1] beautifully
completes the analogy between charged AdS black holes and the
liquid–gas system ﬁrst observed by Chamblin et al. [12,13]. P–V
criticality research takes root in the increasing attention of consid-
ering the variation of the cosmological constant in the ﬁrst law of
black hole thermodynamics [14–20] recently and has solid founda-
tion in physical interpretation [1].
In classical thermodynamics, Ehrenfest equations play an im-
portant role in classifying the nature of phase transitions. For a
ﬁrst order phase transition, Clausius–Clapeyron equation is satis-
ﬁed while for a second order phase transition, Ehrenfest equations
are satisﬁed. The original expressions of Ehrenfest equations in
classical thermodynamics read
(
∂ P
∂T
)
S
= CP2 − CP1 
V T (α2 − α1) =
CP
V Tα
, (1)
(
∂ P
∂T
)
V
= α2 − α1 
κT2 − κT1 
= α
κT
, (2)
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− 1V ( ∂V∂ P )T is isothermal compressibility coeﬃcient. In our recent
paper [21], we introduced the above Ehrenfest equations directly
into P–V criticality research. After an analytical check of both
Ehrenfest equations, it is proved that the charged AdS black holes
undergo second order phase transition at the critical point of P–V
criticality. Our result is consistent with the nature of liquid–gas
phase transition at the critical point and deepens the understand-
ing of the analogy between charged AdS black holes and liquid–gas
system. When we further investigate the above issue, we ﬁnd an-
other novel Ehrenfest scheme that could also be utilized in the
P–V criticality research of RN-AdS black holes. The novel form of
Ehrenfest scheme is neither the one in classical thermodynamics
nor the one proposed in literatures [22–27], where the analogy
form of Ehrenfest scheme was proposed for the grand canonical
ensemble as [22–27]
−
(
∂Φ
∂T
)
S
= CΦ2 − CΦ1
T Q (α2 − α1) =
CΦ
T Q α
, (3)
−
(
∂Φ
∂T
)
Q
= α2 − α1
κT2 − κT1 
= α
κT
, (4)
where α = 1Q ( ∂Q∂T )Φ is the analog of volume expansion coeﬃcient
and κT = 1Q ( ∂Q∂Φ )T is the analog of isothermal compressibility. So
we would like to report this discovery in this Letter. Our work in
this Letter extends the work in our former paper [21] by show-
ing that not only the classical Ehrenfest scheme but also the novel Funded by SCOAP3.
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icality research.
The organization of this Letter is as follows. Section 2 will be
devoted to the derivation of the novel Ehrenfest equations. In Sec-
tion 3, we will show analytically that the novel Ehrenfest equations
we discover in Section 2 can also be explored to investigate the na-
ture of the phase transition at the critical point. In the end, a brief
conclusion will be presented in Section 4.
2. Derivation of novel Ehrenfest equations for P–V criticality of
RN-AdS black holes
The ﬁrst law of black hole thermodynamics [15] and Smarr re-
lation [15] take new forms as
dM = T dS + Φ dQ + V dP , (5)
M = 2(T S − V P ) + ΦQ , (6)
where
P = − Λ
8π
= 3
8π
1
l2
, (7)
V = 4
3
πr3+ (8)
are the thermodynamic pressure and the corresponding vol-
ume [1]. It was argued that the mass should be interpreted as
the enthalpy rather than internal energy [15]. So the deﬁnition of
Gibbs free energy can be written as
G = H − T S = M − T S. (9)
Note that Eq. (9) also appeared in Ref. [10]. From Eqs. (5) and (9),
one can derive
dG = −S dT + Φ dQ + V dP . (10)
From Eq. (10), one can easily obtain
S = −
(
∂G
∂T
)
Q ,P
, (11)
Φ =
(
∂G
∂Q
)
S,P
, (12)
V =
(
∂G
∂ P
)
S,Q
. (13)
And one can further derive
−
(
∂ S
∂Q
)
T ,P
=
(
∂Φ
∂T
)
Q ,P
, (14)
−
(
∂ S
∂ P
)
T ,Q
=
(
∂V
∂T
)
P ,Q
. (15)
According to the deﬁnition of second order transition, the ﬁrst
derivatives of Gibbs free energy are continuous. So one can get
S1 = S2, (16)
Φ1 = Φ2, (17)
V1 = V2. (18)
The subscript 1, 2 in this Letter denote the value of the quantities
of two phases respectively.
Concerning Eq. (16), if the entropy undergoes an inﬁnitesimal
change from S to S + dS , one can also obtain
S1 + dS1 = S2 + dS2. (19)From Eqs. (16) and (19), one can easily get
dS1 = dS2. (20)
Then one can express dS as
dS =
(
∂ S
∂T
)
Q ,P
dT +
(
∂ S
∂Q
)
T ,P
dQ . (21)
In the above derivation, we consider the case that the pressure
is kept constant. Now we deﬁne the speciﬁc heat at constant
charge CQ , the analog of volume expansion coeﬃcient at constant
charge α and the analog of isothermal compressibility coeﬃcient
κT as
CQ = T ∂ S
∂T
, (22)
α = 1
Φ
(
∂Φ
∂T
)
Q
, (23)
κT = − 1
Φ
(
∂Φ
∂Q
)
T
. (24)
Utilizing Eqs. (14), (22) and (23), Eq. (21) can be transformed into
dS =
(
CQ
T
)
dT − Φα dQ . (25)
With Eq. (25), one can easily obtain
dS1 =
(
CQ 1
T
)
dT − Φα1 dQ , (26)
dS2 =
(
CQ 2
T
)
dT − Φα2 dQ . (27)
Utilizing Eqs. (20), (26) and (27), one can derive(
∂Q
∂T
)
S
= CQ 2 − CQ 1
TΦ(α2 − α1) =
CQ
TΦα
. (28)
Similarly, concerning Eq. (17), if the electric potential undergoes an
inﬁnitesimal change from Φ to Φ + dΦ , one can also obtain
Φ1 + dΦ1 = Φ2 + dΦ2. (29)
From Eqs. (17) and (29), one can easily get
dΦ1 = dΦ2. (30)
Then one can express dΦ as
dΦ =
(
∂Φ
∂T
)
Q ,P
dT +
(
∂Φ
∂Q
)
T ,P
dQ . (31)
Utilizing Eqs. (23) and (24), Eq. (31) can be transformed into
dΦ = Φα dT − ΦκT dQ . (32)
With Eq. (32), one can easily obtain
dΦ1 = Φα1 dT − ΦκT1 dQ , (33)
dΦ2 = Φα2 dT − ΦκT2 dQ . (34)
Utilizing Eqs. (30), (33) and (34), one can derive(
∂Q
∂T
)
Φ
= α2 − α1
κT2 − κT1
= α
κT
. (35)
Eqs. (28) and (35) consist of a new set of Ehrenfest equations.
They are different from both the Ehrenfest equations in the classi-
cal thermodynamics and the analogy form of Ehrenfest equations
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Eqs. (11), (13), (15), (16) and (18), one can take a similar ap-
proach as this Letter and derive the Ehrenfest equations in the
classical thermodynamics which has been utilized in our former
research [21].
3. Analytical check of the novel Ehrenfest equations for P–V
criticality of RN-AdS black holes
In this section, we would like to explore the novel Ehrenfest
scheme we discovered in Section 2 to investigate the nature of the
phase transition at the critical point of P–V criticality of RN-AdS
black holes, which has been derived as [1]
Tc =
√
6
18π Q
, Vc = 8
√
6π Q 3, Pc = 1
96π Q 2
. (36)
The Hawking temperature, entropy and electric potential of RN-
AdS black holes can be found in any literature that investigates the
thermodynamics of RN-AdS black holes. The expressions are as fol-
lows
T = 1
4πr+
(
1+ 3r
2+
l2
− Q
2
r2+
)
, (37)
S = πr2+, (38)
Φ = Q
r+
. (39)
From Eqs. (7), (37) and (38), one can obtain
T = 1
4
√
π S
×
(
1+ 8P S − π Q
2
S
)
. (40)
Utilizing Eqs. (22), (23), (24), (38), (39) and (40), the speciﬁc heat
at constant charge, the analog of volume expansion coeﬃcient at
constant charge and the analog of isothermal compressibility coef-
ﬁcient can be derived as
CQ = 2S(8P S
2 + S − π Q 2)
8P S2 − S + 3π Q 2 , (41)
α = −4
√
π S3/2
3π Q 2 + S(−1+ 8P S) , (42)
κT = −8P S
2 + S − π Q 2
Q (3π Q 2 − S + 8P S2) . (43)
In the derivation of Eq. (43), we have utilized
(
∂Φ
∂Q
)
T
(
∂Q
∂T
)
Φ
(
∂T
∂Φ
)
Q
= −1. (44)
Compare Eqs. (41), (42) and (43) with the results we obtained in
our former research [21], we ﬁnd that CQ is exactly the same
as CP . In fact, it should be denoted as CP ,Q because it is calcu-
lated when the pressure P and the charge Q is ﬁxed. So CQ in
this Letter will also diverge at the critical point of P–V criticality.
The results of α, κT in this Letter are different from those in our
former research [21] for the deﬁnitions are different. Note that α,
κT may also diverge at the critical point because they share the
same factor in their denominators with CQ .
From Eq. (23), one can obtain
Φα =
(
∂Φ
∂T
)
Q
=
(
∂Φ
∂ S
)
Q
(
∂ S
∂T
)
Q
=
(
∂Φ
∂ S
)
Q
(
CQ
T
)
. (45)
Then the R.H.S. of Eq. (28) can be transformed intoCQ
TΦα
=
[(
∂ S
∂Φ
)
Q
]
c
, (46)
where the subscript “c” denotes the values of quantities at the crit-
ical point. Utilizing Eqs. (38), (39) and (46), one can obtain
CQ
TΦα
= −2S
3/2
c√
π Q
. (47)
With Eq. (40), the L.H.S of Eq. (28) can be derived as
[(
∂Q
∂T
)
S
]
c
= −2S
3/2
c√
π Q
. (48)
From Eqs. (47) and (48), we can clear see that the ﬁrst equation of
the novel Ehrenfest equations we derived in Section 2 is valid at
the critical point.
Utilizing Eqs. (38), (39) and (40), the L.H.S of Eq. (35) can be
obtained as
[(
∂Q
∂T
)
Φ
]
c
= 4
√
π Q S3/2c
π Q 2 − Sc + 8Pc S2c
. (49)
With Eqs. (23) and (24), one can derive that
ΦκT = −
(
∂Φ
∂Q
)
T
=
(
∂T
∂Q
)
Φ
(
∂Φ
∂T
)
Q
=
(
∂T
∂Q
)
Φ
Φα, (50)
from which the R.H.S. of Eq. (35) can be obtained as
α
κT
=
[(
∂Q
∂T
)
Φ
]
c
= 4
√
π Q S3/2c
π Q 2 − Sc + 8Pc S2c
. (51)
Note that Eq. (44) was used in the derivation of Eq. (50). Eq. (51)
shows that the second equation of the novel Ehrenfest equations
we derived in Section 2 holds at the critical point. By utilizing
8Pc S2c − Sc +3π Q 2 = 0, which is the condition that CP ,Q diverges,
it can be further proved that the value of the R.H.S. of Eq. (48) is
equal to that of the R.H.S. of Eq. (51).
The validity of both Ehrenfest equations shows once again the
phase transition at the critical point of P–V criticality in the ex-
tended phase space of RN-AdS black hole is a second order tran-
sition, which is consistent with the nature of liquid–gas phase
transition at the critical point.
4. Conclusions
In this Letter, we introduce another novel Ehrenfest scheme
which can also be utilized in the P–V criticality research of RN-
AdS black holes. The novel form of Ehrenfest scheme is neither the
one in classical thermodynamics nor the one proposed for grand-
canonical ensemble in literatures [22–27]. The derivation process is
based on the following two aspects. One is the ﬁrst law of RN-AdS
black holes in the extended phase space while the other foun-
dation is the characteristics of second order phase transition. We
carry out an analytical check of the novel Ehrenfest equations at
the critical point of P–V criticality of RN-AdS black holes. It is
shown once again that the phase transition at the critical point is
a second order one. It should be emphasized that both the novel
Ehrenfest scheme developed in this Letter and the classical Ehren-
fest equations utilized in our former research [21] can be explored
to investigate the nature of phase transition at the critical point
of P–V criticality of AdS black holes. That may be attributed to
the modiﬁed ﬁrst law dM = T dS + Φ dQ + V dP in the extend
phase space, which contains more information than the ﬁrst law
dU = T dS − P dV in classical thermodynamics.
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